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Abstract - For a biped robot to be able to climb up and down stairs, the robot must be
capable of various type of foot motion and high path curvature of trajectory planning will be
needed. Basic requirement for the trajectory planning is to achieve smooth walking pattern
for the biped robot. This paper presents the foot trajectory for climbing up stairs of the
biped robot. In order to meet the requirement of smooth trajectory planning, the trajectory is
generated by cubic spline interpolation method. The smooth trajectory of the present
algorithm is verified with Matlab figures. The present algorithm is also applicable for
climbing down stairs of the biped robot.

Keywords - Biped Robot, climbing upstairs, cubic spline interpolation, foot trajectory,
smooth
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Abstract - For a biped robot to be able to climb up and down
stairs, the robot must be capable of various type of foot
motion and high path curvature of trajectory planning will be
needed. Basic requirement for the trajectory planning is to
achieve smooth walking pattern for the biped robot. This
paper presents the foot trajectory for climbing up stairs of the
biped robot. In order to meet the requirement of smooth
trajectory planning, the trajectory is generated by cubic spline
interpolation method. The smooth trajectory of the present
algorithm is verified with Matlab figures. The present
algorithm is also applicable for climbing down stairs of the
biped robot.

Keywords - Biped Robot, climbing upstairs, cubic spline
interpolation, foot trajectory, smooth
I. Introduction

Biped robot is two legged robot and is expected to
eventually evolve into one with human-like body. The
biped robot has higher mobility than conventional wheeled
robots especially when moving on rough terrain, steep
stairs and in environments with obstacles [1]. Climbing up

and down stairs is the typical common action of biped robot.

Since the biped robot tends to tip over easily, it is
necessary to take stability. Stable walking can be achieved
by centre of gravity (CG) control and Zero Moment Point
(ZMP) control. The CG trajectory control can guarantee the
stability of static walking while the ZMP trajectory control
can realize stable dynamic walking. The ZMP is the point
on the ground which the sum of all the moments of the
active forces equals zero. In order to achieve stable
dynamic walking, the ZMP must be kept the inside the
support region [9].

The walk of the biped robot can be determined by
controlling the hip and foot trajectories. In the single
support phase, cubic polynomial is used to generate the hip
and swing foot trajectories which satisfy the ZMP criterion
[1]. The swing foot should follow the desired trajectory to
avoid obstacles and to satisfy the landing constraints. In
some research, cubic spline interpolation method is better
than cubic polynomial for trajectory planning of biped
robot [6].

Some other international and domestic academics have
also relevant studies about the biped robot actions of
climbing up and down stairs or slopes [2]. Based on the
analysis of the actions of biped robots, in this paper we
present the foot trajectory for climbing up stairs of biped
robot. This paper organized as follows. Mathematical
background of applied method is introduced in section II.
In section III, the algorithm for foot trajectory are proposed
and generated. Resulting trajectories are demonstrated with
Matlab in Section IV. And finally, a conclusion is given in
section V.

II. MATHEMATICAL BACKGROUND

The mathematical interpolation is one of the simplest
methods utilized for obtaining the suitable curves with
respect to the given break points that the robot must
undergo. When there are various constraints such as ground
conditions and various foot motions, the order of
polynomial is too high, its computation is difficult and the
trajectory may oscillate. To avoid this problem, cubic
spline interpolating polynomial is used to generate the
swing foot trajectory [6].

1. Cubic Spline Interpolation

In this section, theoretical concept of cubic spline
interpolation is discussed. The cubic spline interpolation
will be applied to find the trajectory planning of biped
walking.

The fitting of polynomial curve to set data points has
applications in trajectory planning of the biped walking. To
be able to draw a smooth curve through data points that are
not subject to error, mathematically, it is possible to
construct cubic functions on sub interval. The resulting
piecewise curve and its first and second derivatives are all
continuous in the larger interval. The continuity of first
derivative means that the graph will not have sharp corners.
The continuity of second derivative means that the radius
of curvature is defined at each point [4].

2. Piecewise Cubic Splines
Suppose that {(tj, fj)}:;l are n points, where t; < t, <
-+ < t,,- The function S(t) is called cubic spline if there

exist n—1 cubic polynomials S;(t) with coefficients
Q0,01 .0, and a; 5 that satisfies the following properties:

LS =St =a,t—t)3+a;, (t—t)*+
aj,z (t - tj) + aj,3
fort € [tj,tj41] andj = 1,2,+,n— 1
1. S(t;) = fi forj =1,2,,n.
11.S(tj41) = Sj4a(tjyq) forj = 1,2, n— 2.
1V. 8} (tj41) = S/41(tj4q) for j=1,2,-,n—2.
V.S (tj41) = S/41(tj4q) for j=12,-,n—2.

Property I states that S(t) consists of piecewise cubies.
Property II states that piecewise cubies interpolate the
given sets of data points. Property III and IV require that
the piecewise cubic represents a smooth continuous
function. Property IV states that the second derivatives of
the resulting function are also continuous.
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A piecewise function is constructed as follows [4].
Si() if t,<t<t,
S,() if t,<t<ts

Sn-1(t) if the1St<t,
where S;(t) is a cubic polynomial defined by
Si(t) =ajo(t—t;)* +aj, (t—t)*+ a;, (t —
aj,3,j =12,---,n—1.
By using the properties, I, I, III and IV, we can get the
coefficients of cubic spline interpolation as follow:

S(t) =

t) +

_ Mjy—my
j+1 J
iy = Lo
]’ 0= 6hj >
m;
—
i1 =
hi2mij+miyq)
— J J Jt+1
ajlz - ajls - 6 >
i3 = fj

where mj = Sj”(tj) and h] = tj+1 - tj.
Construction of natural spline interpolation

There exists a unique cubic spline with the free
boundary conditions m; = m, = 0 [3]. The linear system
equations for finding m,, ms,...,m,_, connected with
natural spline condition are
2(hy + hy)my, + homg = u,
h]-_lmj_l + Z(hj_l + hj)m] + hjij = u]- fOI'j =
34,..,N—-2
hn2Mpz + 2(hp_p + Ay )My g = Upy
where u; = 6(dj — dj_l),j =23,..,n—1and

_ fj+1—fj
dj = h—}
3. Function imitation: Cubic splines are not necessary
to be simple to determine a well-behaved function to fit any
data set. This is, however, usually not the case. Thus, the
cubic spline technique is used to generate a function to fit
the data. Moreover, it can be shown that the data generated
by a particular function is interpolated by a spline which
more or less like the original function. This is testimony to
the consistency of spline [4].

III. FOOT TRAJECTORY FOR WALKING UPSTAIRS OF A BIPED
RoBOT

An anthropomorphic biped robot is considered as a
reference model where each leg consists of a thigh, a shank
and a foot. The under study model has six degree of
freedom in sagittal plane including three degree of freedom
(DOF) in the hip joint, one in each knee joint, and two in
each ankle joint. If both foot trajectories and hip trajectory
are known, all joint trajectories of the biped robot will be
determined by kinematic constraints. The climbing up stairs
pattern can therefore be denoted by uniquely by both foot
trajectories and hip trajectory. In this paper, we only
discuss the swing foot trajectory in the sagittal (XZ) plane.

For a sagittal plane, each foot trajectory can be denoted
by a vector

Xo=[x,(1),2,(£)0,(t)]" where (x4(t),z,(t)) is
the coordinate of the ankle position, and 8,(t) denotes the
angle of the foot [1].

If the biped robot climbs up stairs, the foot trajectories
can be obtained by varying the values of start and end
positions [2]. For example, xfe = Xp5 + 2Lg, Zpe = Zfs +
28y, where (xgg,xr.) and (Zs, Z5,) are initial and final
position of one climbing cycle, Ly is stair length and S, is
stair height shown in Fig 2.

The Proposed Trajectory Planning Algorithm
1. The time interval for the breakpoints of one climbing
step is previously specified.
2. The position constraints for the breakpoints of one
climbing step is formulated.
3. The whole trajectory between the breakpoints of one
climbing step is derived by applying cubic spline
interpolation.
Algorithm step 1: Time interval for One Climbing step

Assuming that the entire sole surface of the right foot is
in contact with the stairs att = 0 and t=T, + Ty4. T, T4
and T, are the interval of single support phase, the double
support phase and the foot swing over the middle stairs.
The time interval for one climbing step as shown in Fig 1 is
specified as follows:

1. Place (entire sole contact) (t = 0)

Deploy (heel off) (t = T,)
Swing (lift on the air) (t = T;;,)
Deploy (heel contact) (t = T,)
Place (entire sole contact) (t = T, + Ty)

.'..\.\
L

kv

Fig. 1 Time interval for one climbing step
Algorithm step 2: Position constraints for the breakpoints
of one climbing step

(Xs,20.04) :

Foot TI'(I/('L'I()I'\‘

qj 4 //
el /

1 Lo |
Fig. 2 One climbing stairs cycle of the biped robot

Letting [g;, be the height of the foot, [, is the length of
the ankle joint to the toe and [, is the length of the ankle
joint to the heel. Letting g, and qf be the designated angles
of the swing foot as its leaves and lands on the stairs.
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The position constraints for breakpoints of one climbing
cycle are described by following [7]:

0, t=0
lansing, + L (1 — cosqy), t="Ty
x,(t) = Lo, t="Ty
2Ls — lypsing, — lop(1 = cosqs), t=T.
2L, t=T.+T,
lans t=20
lagsing, + lgnc05q,, t="Ty
Za(t) = Hao+sh' t= Tm
25, + labsian + lancosqf, t=T.
25h+lani t= Tc+Td
0, ,t=0
qp, t=Tqg
0, t= TC + Td

Algorithm step 3: The whole trajectory between the break
points of one climbing cycle

The cubic spline interpolation method is applied to find
the trajectory planning of biped robot. Firstly, the values of
parameters for one climbing step are proposed in Table 1.

TABLE 1
PARAMETERS OF ONE CLIMBING CYCLE
parameter value
Ty 0.18 s
T 0.4s
T, 09s
lan 10 cm
Lab 10 cm
laf 13 cm
Dy 50 cm
lao 40 cm
Hy, 15 cm
Lg 39 cm
Sh 13 cm
qp 0.7 rad
qr 0.7 rad

By applying the cubic spline interpolation in section II,
finally we get the complete one climbing step foot
trajectory is obtained as follows:

512.16t% +36.18t, t € (0,0.18)
x,(0) = —638.29(t — 0.18)° + 276.57(t — 0.18)% + 85.96(t — 0.18) + 9.50, ¢t € (0.18,0.4)
T 103.17(t — 0.4)° — 144.70(t — 0.4)* + 114.97(¢t — 0.4) + 35, t € (0.4,0.9)

—18.63(t — 0.9)* + 10.06(t — 0.9)? + 47.65(t — 0.9) + 69.21, t € (0.9,1.08)

—210.22(t — 0.18)° + 91.62(t — 0.18)? + 44.46(t — 0.18) + 16.02, ¢ € (0.18,0.4)
—26.01(t — 0.4)° — 47.12(t — 0.4)* + 54.25(t — 0.4) + 28, t € (0.4,0.9)
159.53(t — 0.9) — 86.15(¢ — 0.9)% — 12.39(t — 0.9) + 40.09, t € (0.9,1.08)

For the pre-swing phase and post-swing phase,
—8.57t3+4.17t t € (0,0.18)
04() = 3 2
8.57(t — 0.9)% — 4.63(t — 0.9)% — 3.33(¢ — 0.9) + 0.7

169.67t% +27.97t + 10, t € (0,0.18)
za(t) = {

t € (0.9,1.08)

IV.SWING FOOT HIP TRAJECTORY BY MATLAB
PROGRAM

In this section the numerical result of swing foot
trajectories that have been derived in section III are
checked by drawing graphs with Matlab figures. So that all
the results we obtained are correct can be checked to see
whether they are correct or not.

In Fig.3, the resulting trajectory of X-axis is
demonstrated. It can be clearly seen that the demonstrated
trajectory is smooth and continuous.

Foot Trajectory along X-axis o o
m} L o
Foot Trajectory along X-axis

&0 T T T T T T T T T T

e 3 /

bl E

sof E

Zaf g

a

Ell 2 E

b1l 2 E

mneE -

u L ' L ' L A L ' A L

Time (t)

Fig. 3 Swing foot trajectory along X-axis

In Fig.4, the resulting trajectory of Z-axis is
demonstrated. The demonstrated trajectory is a smooth
curve through data points that are not subject to error as in
Fig.3.

Fort Trjectoey along T arin e R

Foot Trajectory along Z axis

0 i L
] 0 02 03 04 05 08 or o8 0% 1

trma (1)

Fig. 4 Swing foot trajectory along Z-axis

In Fig.5, the resulting trajectory of along angle for pre-
swing foot and post-swing foot is demonstrated. This
trajectory is a smooth curve as in Fig.3 and 4.
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Foot Angular Positon

Lo

05

pt g e postawing phass

04

Thitait)

.2

0hlF 4

] - : : ' : 8 - . 4 :
] .1 0 By 04 ns 06 0T 08 09 I

Time(t)

Fig. 5 Foot angular motion
It is clearly seen that the resulting trajectories are
smooth and continuous due to the properties of cubic spline
interpolation.
V. CONCLUSIONS

In this paper, foot trajectory for climbing upstairs of a
biped robot has been generated. As mathematical
background of this paper, cubic spline interpolation has
been described. And then, theoretical background of
climbing up stairs trajectory has been discussed. Finally,
the goal of this research, the climbing upstairs trajectory
generated by cubic spline interpolation, has been
approached and derived. The resulting trajectories for
applying this interpolation method are smooth and
continuous. Future study will focus on stable hip trajectory
for climbing upstairs of the biped robot from the
mathematical point of view.
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